Abstract. This article examines isothermic surfaces smoothly immersed in Möbius space. It finds explicit examples of non-special, non-canal isothermic tori with spherical lines of curvature in two systems by analyzing Darboux transforms of Dupin tori. In addition, it characterizes the property of spherical lines of curvature in terms of differential equations on the Calapso potential of the isothermic immersion, and investigates the effect of classical transformations on this property.
Introduction
Let f : S → (M, g) be a smooth immersion of a surface S into a 3-dimensional, oriented, Riemannian manifold M . In terms of local coordinates (x, y) on S, the first and second fundamental forms are given by I = Edx 2 + 2F dxdy + Gdy 2 , II = ldx 2 + 2mdxdy + ndy 2 .
Local coordinates for which E = G and F = 0 are called isothermal. Local coordinates for which m = 0 are called principal. The immersion f is isothermic if for any point p ∈ S, there exists a neighborhood with local coordinates that are both principal and isothermal. Examples of isothermic immersions include surfaces of revolution, cones, cylinders, and constant mean curvature immersions. The local properties of isothermic immersions were studied extensively in the late 1800's by geometers including Bianchi and Darboux. In recent years, interest in isothermic immersions has reappeared in connection with Bonnet's problem. Two non-congruent isometric immersions of a surface into R 3 that have the same mean curvature function are called Bonnet mates. Bonnet's problem asks if there exist a pair of compact embedded surfaces of given genus that are Bonnet mates. Tribuzy proved that a compact embedded surface of genus zero does not admit a Bonnet mate [Tri80] . Moreover, with Lawson, Tribuzy proved that a compact embedded surface with non-constant mean curvature admits at most one Bonnet mate [LT81] . For genus greater than zero, however, existence remains an open question.
Kamberov, Pedit, and Pinkall have shown that locally each pair of Bonnet mates arises from an isothermic immersion [KPP98] . Thus, if there exist two compact embedded tori that solve Bonnet's problem, then these tori might arise from an isothermic torus. This makes isothermic immersions in general, and isothermic tori in particular, an interesting area of current research. In contrast to the classical investigations, this research focuses on global results.
Prior to this article, the known examples of isothermic tori were either tori of revolution or constant mean curvature tori immersed in one of R 3 , S 3 , or H 3 . The latter were discovered by U. Pinkall, I. Sterling, H. Wente, R. Walter, U. Abresch, and A. Bobenko [PS89, Wen86, Wal87, Wal89, Abr87, Bob91] . However, none of these tori appear to be helpful in solving Bonnet's problem. The property of being isothermic is preserved under the action of the group of conformal transformations, also called the group of Möbius transformations. Thus, trivial new examples of isothermic tori can be generated by taking Möbius transformations of known examples. A torus that is Möbius equivalent to a torus of revolution is called canal, while a torus that is Möbius equivalent to a constant mean curvature torus in one of the three space forms is called special.
This article finds explicit examples of isothermic tori that are not Möbius transformations of the known examples. In addition to proving the existence of nonspecial, non-canal isothermic tori, these tori exhibit several interesting properties: They arise from the Darboux transforms of a standard torus of revolution, and their parametrizations are given in terms of the trigonometric functions. These tori have spherical lines of curvature in two systems. They belong to a countable number of conformal classes, and in each such class, there are uncountably many tori that are not Möbius equivalent. Some of these tori are umbilic free, some have isolated umbilic points, and some have curves of umbilic points that are distinct from the coordinate curvature lines. It was thought that isothermic tori with such curves of umbilics exist, but to our knowledge, the tori in this article provide the first explicit examples.
Since some of the background information used in this endeavor is difficult to obtain, Section 2 contains extensive background material. Section 3 characterizes the property of spherical lines of curvature in terms of differential equations on the Calapso potential of the immersion, and investigates how certain transformations of isothermic immersions affect the property of spherical curvature lines. Section 4 demonstrates the existence of non-special, non-canal isothermic tori with spherical lines of curvature by finding explicit examples. It also explores the properties of these tori. Section 5 contains examples and pictures.
Special thanks go to Gary Jensen, Emilio Musso, and George Kamberov for many helpful discussions.
2. Background 2.1. Möbius geometry. We use the model of Möbius space used by Bryant and Musso [Bry84, CM98] . After developing the basic setup, we show how the three space forms are embedded in Möbius space. We explore how the space of oriented spheres appears in Möbius space. Finally, we examine the method of moving frames in Möbius space as it applies to curves and surfaces. Orientation is defined by
Time orientation is defined by the positive light cone
Definition 2.1. The Möbius group G is the identity component of the pseudoorthogonal group of (1).
Let ( 0 , 1 , 2 , 3 , 4 ) be the standard basis of R 5 , and let A ∈ G.
Differentiating (2), we obtain the Cartan structure equations
Differentiating the relationship A i , A j = g ij gives the symmetry equations The unit sphere S 3 in R 4 is diffeomorphic to the space M via the map
The Möbius group acts transitively on M on the left via A[x] = [Ax], and the projection map
makes G into a principal fiber bundle with structure group
The forms ω 
Thus
2 are well defined on M up to a positive multiple. This implies that these forms induce an orientation and a conformal structure, respectively, on M.
Space forms in Möbius space.
Let c ∈ {−1, 0, 1}, and let M c denote the 3-dimensional space form of constant sectional curvature c; that is, the space M 0 is the Euclidean space x 0 = 1 in R 4 , the space M 1 is the unit 3-sphere in R 4 , and the space M (−1) is the hyperbolic space of curvature −1 defined by
We freely identify the point
. Conformal embeddings of M c into Möbius space are given by
As remarked in Section 2.1.1, the map r 1 takes S 3 diffeomorphically onto M. Identifying M with S 3 , the map r (−1) takes H 3 diffeomorphically onto the "northern" hemisphere of M, and the map r 0 is an inverse stereographic projection from the south pole. This stereographic projection is given by
In particular, the point t [0, 0, 0, 0, 1] ∈ M = S 3 corresponds to the point at infinity in R 3 . We denote this point by P ∞ . Let H c be the group of orientation preserving isometries of M c ; that is,
Recall that H c is a principal fiber bundle over M c via the map π c : C → C 0 , which projects the matrix C onto its first column vector. Let ρ c : H c → G denote the faithful representations defined by
The diagram
and it makes ρ c into an injective homomorphism of principal fiber bundles; that is, 
The Möbius group as orientation preserving conformal transformations of
0 (A · r 0 (x)). Via this action the Möbius group can be viewed as the pseudogroup of orientation preserving conformal transformations of Euclidean space [Nic96] .
2.1.4. Surface theory in Möbius space. In this section we apply the method of moving frames to a surface immersed in Möbius space. The details of this frame reduction in Möbius space are well developed by Bryant in [Bry84] , so we only give a summary of its most important features below.
Assumption 2.1. Throughout this article, all maps are assumed to be smooth unless otherwise noted. Definition 2.3. Let S be a Riemann surface, let U be an open subset of S, and let f : S → M be a conformal immersion. A Möbius frame field along f is a map
Given a Möbius frame field B along f , consider the pullback of the Maurer-
Any other Möbius frame field on U is given bỹ
where g : U → G 0 . Under this change of frame, the pullback of the Maurer-Cartan form transforms as follows: 
is invariant under a change of first order frame field. In other words,Ψ induces a global, non-negative 2-form Ψ on S, given by equation (4) with respect to any first order frame field.
Definition 2.5. The umbilic locus of f is the set {p ∈ S : Ψ p = 0}. Elements of the umbilic locus are called umbilic points.
If f : S → M c is an immersion, then consider the map r c • f . A point of S is in the umbilic locus of r c • f if and only if it is an umbilic point for f in the classical sense.
The umbilic locus of the surface is a conformal invariant. It is a closed set. On the complement of the umbilic locus, two further frame reductions can be made. The end result is the following: If B : U → G is a normal frame field, then any other normal frame field on U is given by (B 0 , B 1 , B 2 , B 3 , B 4 ) , where = ±1. Let
The projection π : P n (f ) → S defines the bundle of normal frames. This bundle is a Z 2 principal bundle. The frame reduction is now complete, because a change of normal frame does not lead to any advantageous simplifications of the MaurerCartan form.
Differentiating the conditions (5) and applying Cartan's Lemma implies that there exist smooth functions p 1 , p 2 , p 3 , q 1 , q 2 : U → R such that the Maurer-Cartan form of the normal frame B takes the form 
The functions p 1 , p 2 , p 3 are constant along the fibers of π n . Thus, there are well defined global functions J, W, M : S → R such that locally
Bryant proved that an umbilic free immersion for which W ≡ 0 is a Willmore immersion [Bry84] . An immersion for which J ≡ 0 is called an immersion of spherical type. Such immersions are Möbius equivalent to a minimal immersion into one of the space forms [CM98] . We will see that an immersion for which M ≡ 0 is isothermic [Mus97] .
Pulling the structure equations (3) back to the surface S yields the structure equations of the immersion:
2.1.5. Oriented spheres in Möbius space. Recall that under the action of the conformal transformations, planes in R 3 are special cases of spheres in R 3 . Thus, the space of oriented spheres in R 3 is the space consisting of all oriented spheres in R 3 along with all oriented planes in R 3 . Via stereographic projection, this space may also be viewed as the space of oriented spheres in S 3 = M. One of the most useful features of Möbius geometry is the identification of the space of oriented spheres with the quadric
The oriented sphere σ(p, r) ⊂ R 3 with center p ∈ R 3 and signed radius r ∈ R * is identified with the point
Here a positive radius denotes the orientation given by the inward normal; negative, the outward normal. The oriented plane π(n, h) with normal n ∈ S 2 and equation n·v = h is identified with the point
The stereographic projection of B ⊥ ∩ M into R 3 will be an oriented sphere in R Remark 2.3. Let S be a Riemann surface, and let f : S → M be a conformal immersion. By doing a Möbius transformation, we may assume without loss of generality that P ∞ ∈ f (S), so that the mapf = r −1 0 • f is an immersion into R 3 . Take any first order frame (f , e) alongf around a point p ∈ S. The Euclidean immersionf has oriented affine tangent planef (p) + df | p (T p S) at the pointf (p). This plane has unit normal vector e 3 (p). Thus the oriented affine tangent plane tõ f (S) atf (p) corresponds to the point (0, e 3 , 2.1.6. Curve theory in Möbius space. The method of moving frames can also be applied to curves immersed in Möbius space. This theory was developed by R. Sulanke [Sul81] . He demonstrated that there are four frame reductions for a noncircular curve immersed in M = S 3 . In our work, we only need third order frames, so we only summarize the reduction up to this point.
Let Definition 2.13. Local coordinates (x, y) that diagonalize the first fundamental form are called isothermal; that is,
Notice that with respect to isothermal coordinates, the first fundamental form is conformal to the standard metric on R 2 .
Definition 2.14. Local coordinates (x, y) for which the parameter curves are lines of curvature are called principal.
Definition 2.15. The map f is isothermic if at any point p ∈ S, there exist local coordinates that are both principal and isothermal; that is, at any point, there are local coordinates (x, y) such that
Here a and c are the principal curvatures of the immersion.
Example 2.1. Examples of isothermic immersions include surfaces of revolution, cones, and cylinders in R 3 , as well as constant mean curvature immersions in space forms.
There are two main difficulties with the classical definition of isothermic. First, it is not coordinate free. Second, it often fails to define the notion of isothermic at an umbilic point. There are several suggestions for a coordinate free definition of isothermic. We present one, due to E. Musso, below [Mus97] : Definition 2.16. A polarization on a Riemann surface S is a holomorphic quadratic differential Q on S that is not identically zero. The surface (S, Q) is called a polarized surface. An isothermic chart is a complex parameter z : U ⊆ S → C such that Q| U = dz dz. Isothermic charts exist near any point p ∈ S such that Q| p = 0.
Note that if z : U → C is an isothermic chart, then any other such chart on U is given byz = ±z + b, where b ∈ C is locally constant. Remark 2.5. Let f : S → M c be a constant mean curvature immersion. Recall that the metric induced on S by f gives S a complex structure. This complex structure breaks forms into bidegrees. The Hopf differential of the immersion is the (2, 0) part of the second fundamental form of the immersion. It is a global symmetric 2-form on S. Moreover, the Hopf differential is holomorphic if and only if the immersion has constant mean curvature [Hop83] . Using the above definition, an immersion is isothermic if the Hopf differential is the product of a real valued function and a holomorphic quadratic differential. In this sense, isothermic immersions are a generalization of constant mean curvature immersions.
) is an isothermic immersion via Definition 2.17, and z = x + iy is an isothermic chart, then (x, y) are principal, isothermal local coordinates. Thus, away from the zeros of Q, an immersion that is isothermic by the above definition is isothermic in the classical sense. The converse, however, holds only locally.
The new definition of isothermic also fails to define isothermic on some totally umbilic surfaces. For example, the unit sphere in R 3 is isothermic under the classical definition. However, the sphere has no nontrivial holomorphic quadratic differentials, so it does not admit a polarization.
There are, however, advantages to this new definition. The umbilic points of the immersion are precisely the zeros of the Hopf differential. Definition 2.17 distinguishes between two types of umbilic points. If an umbilic point is caused by a zero in the polarization, then no isothermic coordinates may be found, but umbilics caused by zeros in the real valued function m will admit isothermic coordinates. A torus always admits a nowhere vanishing polarization. By using this polarization, we will find isothermic tori that have umbilic points that arise from the zero locus of the function m.
In addition, Definition 2.17 creates a global Calapso potential on the surface. Classically the Calapso potential was defined using a local isothermic coordinate system [Cal03] , with the result that different isothermic coordinates could yield different, albeit related, Calapso potentials. Fixing a polarization and taking an isothermic chart fixes a set of local coordinates that make the Calapso potential well defined globally.
Summarizing, Definition 2.17 is not only sufficient, but also advantageous, for the work that concerns us in this article. However, it is too restrictive to be used as a general definition of isothermic. Similarly, the coordinate z : U → C is an isothermic chart for Q if and only if z = √ cz is an isothermic chart forQ.
Assumption 2.2. Unless otherwise noted, we assume that any polarization mentioned after this point is nonvanishing. = rII (2,0) . Thus, the statement that the Hopf differential is a real valued function times the polarization depends only on the conformal class of the metric on M , rather than the metric itself. Moreover, using the notation of Definition 2.17, we see that λ = Thus, the Hopf differential is given by
On the other hand, let z = x + iy be an isothermic chart. Since the immersion is isothermic, the Hopf differential then has the form II (2,0) = m dz dz. Replacing Q by −Q if necessary, we may assume that m > 0. Since Q is nowhere vanishing, this implies that the Calapso potential Φ = e u > 0. In terms of the complex coordinate z, we may write β Thus, for any umbilic free, conformal, isothermic immersion f : (S, Q) → M, and any isothermic chart z = x + iy there exists a unique normal frame such that β 1 0 = e u dx and β 2 0 = e u dy, where e u is the Calapso potential. Applying the structure equations (7) to this frame, we see that the Maurer-Cartan form of this frame is
Moreover, the equations (7) take the form
Note, in particular, that J = 1 2 (p 1 + p 3 ) is completely determined by the function u. Also note that for an isothermic immersion, the function M = p 2 = 0. The next theorem shows that the condition M = 0 is not only necessary for an isothermic immersion, but also sufficient. Remark 2.9. The above theorem shows that the property of being isothermic is a conformal invariant. In other words, it is preserved under the action of the Möbius group. 
where s ∈ R is a constant. Remark 2.11. The actual theorem stated in [CM98] is stronger than the above result. It characterizes the immersions that are locally equivalent to constant mean curvature immersions into each of the three space forms. However, we do not need this information for our purposes. 
If f (S) andf (S) are not congruent, then the Christoffel transform is called nontrivial. A Christoffel transform of an isothermic immersion is also called a dual isothermic immersion.

Theorem 2.7 (Christoffel, [Dar72]). Let f : S → R
3 be an umbilic free immersion.
Iff is a nontrivial Christoffel transform of f , then f is an isothermic immersion.
If f is an isothermic immersion, then f admits (local) nontrivial Christoffel
transforms.
The T-transform.
Definition 2.21. Two isothermic immersions f,f : (S, Q) → M are said to be T-transforms of each other if they have the same Calapso potential [CM98].
The T-transform was first defined by Calapso [Cal03] . In [Mus95] , E. Musso proves that T-transforms are second order conformal deformations. 
An umbilic free isothermic immersion f : S → R 3 of a simply connected surface admits (locally) a 4-parameter family of non-congruent Darboux transforms.
In [MN97] , E. Musso and L. Nicolodi use the method of moving frames to construct Darboux transformations of isothermic immersions. We summarize these results below: This shows that (x, y) are principal, isothermal coordinates forf = [B 4 ] on U . Thuŝ f is another isothermic immersion. Moreover, since a principal frame is a first order frame, both f andf envelope the sphere congruence B 3 : U → S. The resulting correspondence between f andf preserves curvature lines and is conformal. Hencê f is a Darboux transform of f . This form satisfies the Maurer-Cartan integrability condition
Thus, there exists a map A :
be any constant vector, and let
Conversely, if V is a solution to (12), then d(AV ) = 0. This implies that there is a constant vector
is nonnegative. Away from the zero locus of v 4 , define g
Lemma 2.2 (Musso, Nicolodi, [MN97]). The frame Bg + (V ) is a Darboux isothermic frame.
Let B be the normal frame along an umbilic free isothermic immersion with Maurer-Cartan form (8). This is a principal frame, and the forms β 
+ be a solution of (12), and consider the Darboux isothermic frameB
] denote the resulting Darboux transform of f .
Lemma 2.3 (Musso, Nicolodi, [MN97]). Let Φ denote the Calapso potential of f . Then the Calapso potential of d n (f ) is given by
The set {v 3 = 0} is the umbilic locus of d n (f ).
Isothermic immersions with spherical lines of curvature
Let f : (S, Q) → M be an umbilic free isothermic immersion. Let z = x + iy be an isothermic chart on some subset U of S, and let B = (B 0 , B 1 , B 2 , B 3 , B 4 By hypothesis, v(x) is a curve of type (2), so u x ≡ 0. To get a third order frame along the curve, let 
Non-special, non-canal isothermic tori with two systems of spherical lines of curvature
This section contains a thorough analysis of an example from [MN97] . We begin by summarizing this example below:
Example 4.1 (The Darboux transforms of Dupin tori, [MN97] ). The Calapso potential of a Dupin immersion is constant. Without loss of generality, assume that it is identically one. The structure equations (9) imply that p 1 , p 3 are constants such that 1 + p 1 + p 3 = 0. For an arbitrary constant m ∈ R, set
The normal frame B of a Dupin surface then has Maurer-Cartan form
Let −3/2 < m < 1/2, and set ζ = √ 1 − 2m and η = √ 2m + 3. For these values of m, the Dupin surface must be a torus of revolution with normal frame
] is doubly periodic with x-period 2π/ √ 1 − 2m and y-period 2π/ √ 2m + 3. These are the periods of the given Dupin torus. Perform a Darboux transformf = d n (f ). Setting k = m + n, the linear system (12) takes the form
If n is chosen so that −3/2 < k < 1/2, then this system has solution
where
Here c 1 , c 2 , l 1 , l 2 , α 0 , α 3 , α 4 are constants that must be chosen to satisfy V, V = 0. Note that V is doubly periodic with x-period 2π/ √ 1 − 2k and y-period 2π/ √ 2k + 3. The Darboux transformf
Notice that the domain off is a subset of the universal cover of the original torus.
We now show that explicit examples of non-special, non-canal isothermic tori with spherical lines of curvature in two systems arise from the Darboux transforms of Dupin tori computed in the preceding example. This involves a thorough analysis of these transforms. In the following, we always assume that
Our analysis is broken up into three main parts. Recall that a Darboux transform of a Dupin torus actually takes place on some subset of the universal cover of the torus. We study the vector V to determine when the Darboux transform is defined on all of R 2 , and to determine when the Darboux transform has umbilic points. Second, we show that a generic Darboux transform of a Dupin torus is neither canal nor special. We also show that it has spherical lines of curvature in two systems. Finally, although the vector V and the matrix B are each doubly periodic, their periods are not equal, so the resulting map BV is not doubly periodic in most cases. Thus, we must determine conditions that make the Darboux transform into a doubly periodic immersion.
There are eight unknown constants in (17) and (18). In picking values for these constants, first pick k, followed by c 1 , c 2 , l 1 , l 2 . These five constants determine V :
Then the components of V become
Note the similarity in the constant terms of v 0 , v 3 , and v 4 . The condition V, V = 0 is given by
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Since the quantities (1 − 2k) and (3 + 2k) are positive on (−3/2, 1/2), equation (20) is always consistent. This equation also shows that the quantity (2α
Looking at (19), we see that V is then completely determined by k, c i , l i .
The next lemma shows that, given k, we may always choose c i , l i so that v 4 is nonvanishing. When v 4 is nowhere zero, the Darboux transform is defined on the entire universal cover of the torus. 
Proof. The condition that v 4 never vanish is
If we square both sides and use (20), this becomes
This inequality will hold unless
By Lemma 2.3, the umbilic locus of the Darboux transform is the zero locus of the function v 3 . The next lemma investigates this zero locus. Proof. The condition that v 3 be nowhere zero is
Squaring both sides and using (20) yields
Note that if k ∈ [−1, 0], then the left-hand side of the above inequality will be nonpositive, so this inequality will never hold. Now suppose that k ∈ (0, 1 2 ). Set u = c 2 1 + c 2 2 and v = l 2 1 + l 2 2 . After replacing the inequality in (21) with equality, we get
For fixed k, this is the equation of a degenerate conic section in (u, v) . The discriminant is
which is strictly positive on k ∈ (0, 1 2 ). Thus, the conic is a degenerate hyperbola. We will show that this hyperbola consists of two lines through the origin, one of which passes through the interior of the first quadrant.
Change coordinates by rotating the u, v axes through the angle α defined by
The function (A− C)/B is increasing as a function of k on [0, 
In this case, the zeros of v 3 will be isolated points provided that neitherũ 1 norũ 2 is constant. To see this, look at the expression for v 3 in (19). When (23) holds,
If neitherũ 1 norũ 2 is constant, the minima and maxima of −ũ 1 +ũ 2 are isolated points, so this shows that the zeros of v 3 are isolated. On the other hand, when the inequality in (21) is reversed,
so the zero locus of v 3 will contain curves. The case k ∈ (− This completes the analysis of the vector V . Next we examine the properties of a generic Darboux transform of a Dupin torus. Proof. It suffices to show that, away from umbilic points, the Calapso potential of a Darboux transform does not satisfy (10). Away from umbilic points, we may assume without loss of generality that v 3 > 0. The Calapso potential may then be written Φ = e u , where
Lemma 4.3. A Darboux transform of a Dupin torus is canal if and only if either
By (16),
Suppose that
for some constant s ∈ R. These two expressions for u, along with the equation V, V = 0, imply
Using (17), we obtain 
Adding these two equations yields v 4 = 2v 0 , and back substituting then implies v 3 = (1 + 2k)v 0 . The condition V, V = 0 then forces V to be identically zero, which is impossible.
If, on the other hand, s = 1, then
Then (20) implies that both u 1 and u 2 are constant, which, as we just demonstrated, is impossible.
Lemma 4.5. A Darboux transform of a Dupin immersion is an immersion if and only if v 4 is never zero and k = m.
Proof. Recall that a Darboux transform of a Dupin torus is given bŷ
Using (15) and (16), we compute
These two vectors will span a 2-dimensional subspace of the tangent space of M if and only iff ,B x ,B y are linearly independent; that is, if and only if v 4 is never zero and k = m.
The next lemma proves that a Darboux transform of a Dupin immersion has spherical curvature lines in both systems. It is possible to do this using Theorem 3.1. However, on the one hand, this is a computational mess, and on the other hand, some of the Darboux transforms are not umbilic free. Instead, we use the more direct approach of computing third order frames along the curvature lines. 
Take the frame b =B(·, y) along a y = const. curve. Perform the change of framẽ b = bg, where
The frameb is a second order frame along the curve. Letβ denote the MaurerCartan form ofb. Thenβ
Note that both v 2 and (v 3 − v 4 ) are functions of y alone, so they are constant along the curvature line. If both are zero, then the curve is a circle, and hence spherical. If at least one of v 2 or (v 3 − v 4 ) is nonzero, then let Perform the change of frameb =bg. Away from the zeros of v 1 (x), this gives a third order frame along the curve for whichβ 3 2 = 0. Thus, between any two zeros of v 1 , the curve lies in a sphere. In particular, the curve lies in the spherê
This shows that the vector 1
which is continuous on the entire curve, is constant between the zeros of v 1 . If v 1 ≡ 0, then the curve is of type (1), and hence spherical. If v 1 ≡ 0, then the zeros of v 1 are isolated on the curve, so continuity implies that the above vector is constant along the entire curve. The two vectors
define the same sphere with opposite orientations. Hence, the entire curve is spherical.
For the x = const. curves, take the frameb =B(x, .) along an x = const. curve. An argument analogous to the one above proves that this curve either is a circle, or lies in the sphere
Remark 4.1. The Maurer-Cartan form (25) shows that (x, y) are global principal, isothermal coordinates along the immersion, so we see directly that the immersion is isothermic in the classical sense.
Finally, we turn to double periodicity of the Darboux transform.
Lemma 4.7. A Darboux transform of a Dupin torus is doubly periodic if and only if the numbers
are both rational.
Proof. The vector V is periodic in x with period 2π/ √ 1 − 2k and periodic in y with period 2π/ √ 2k + 3. The matrix B is periodic in x with period 2π/ √ 1 − 2m and periodic in y with period 2π/ √ 2m + 3. The Darboux transformf = BV will be doubly periodic if and only if the ratio of the two x periods is rational and the ratio of the two y periods is rational.
2 ) with k = m that satisfy the system of equations Since p, q, r, s are all integers, the number k, and hence the number m, is rational. respectively; that is,f descends to an immersion of R 2 /Λ, where Λ is the lattice generated by these two periods.
Let R 2 /Λ 1 and R 2 /Λ 2 be two such tori, defined by m 1 = m(p 1 , q 1 , r 1 , s 1 ) and m 2 = m(p 2 , q 2 , r 2 , s 2 ) respectively. These tori are in the same conformal class if and only if Proof. Let B be a first order frame field along f . By hypothesis, there exists A ∈ G such thatf = Af. ThenB = AB is a first order frame field alongf , and
where ω is the Maurer-Cartan form of G. In particular, since B andB have the same Maurer-Cartan form, Remark 2.8 implies that the Calapso potentials of the two immersions are equal. Substituting all this back into (27), we see that w must be positive.
We summarize our results in the following theorem: Since k ∈ [−1, 0], the torus generated by these constants will necessarily have umbilic points. The umbilic locus of this torus is shown in Figure 2 . In the connected region, the function v 3 is positive, on the four umbilic curves, it is zero, and in the oval shaped regions, v 3 < 0.
Example 5.2. In this example, we create a torus that is not Möbius equivalent to the preceding example, but is still in the same conformal class. Let k, m be as in Example 5.1, but this time choose c 1 = 7, c 2 = 0, l 1 = 1, l 2 = 0.
This implies 2α 0 − (1 + 2k)α 3 + α 4 = √ 285. By Lemma 4.11, this torus is not Möbius equivalent to the previous example. However since k and m are the same for both tori, they are in the same conformal class. Figure 3 shows a picture of this torus from three different viewpoints.
Again, since k ∈ [−1, 0], this torus has a nonempty umbilic locus, pictured in Figure 2 .
Continuing in this manner, one can generate further images. By changing k and m, one can produce tori in other conformal classes, though some distinct choices of k, m will yield tori in the same conformal class. Moreover, if k is in the appropriate range, then one can produce tori that are umbilic free by manipulating the c i and l i so that equation 21 is satisfied.
